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A B S T R A C T

In this paper, we numerically investigate three-dimensional flow past a freely hanging stationary riser in ca-
tenary shape (referred to CR) with the angle of incoming flow direction with respect to the plane aligned with
the CR ranging from = ∼∘ ∘α 0 90 at a low Reynolds number of 100. The flow dynamics are governed by the
incompressible Navier-Stokes equations and a high-order spectral/hp element method is employed for the so-
lutions of the flow field. The numerical results present that the wake topology behind the CR is strongly in-
fluenced by the incoming flow direction. In particular, in the range of small angle of incoming flow direction
( ≲ ≲∘ ∘α0 40 ), the wake is completely suppressed; in the medium range of ≲ ≲∘ ∘α40 50 , vortex shedding is
developed firstly at the top side of the concave part, and then gradually spread over the span towards the convex
part; wake instability is developed sufficiently along the whole span when the flow incidence is over ∘50 . The
wake dynamics is further explored by examining the temporal evolution of hydro-forces and field quantities
along the span and their frequency characteristics. It is revealed that the mechanism of axial flow that is varied
along the span of CR can explain hydro-dynamics of the wake behavior of the CR.

1. Introduction

Highly flexible risers, such as steel catenary risers, are widely de-
ployed for deep-water drilling industry to convey oil from the seabed to
the sea surface, since it can offer a low cost alternative to con-
ventionally used rigid risers on floating platforms and can also provide
economic riser design solutions for fixed platforms. For such type of
risers, it is commonly practical to incorporate a buoyant portion on an
intermediate section of the riser or an upward force at a point via a
buoy. This leads the riser in standard configurations of lazy wave, steep-
wave, lazy-S and steep-S, as shown in Fig. 1, according to whether the
riser rests along the sea bed and the means by which the buoyancy is
achieved by (Yong and Qiang, 2005).

In terms of simplest modeling, a freely hanging configuration can be
considered as a catenary riser (CR). In contrast to conventional straight
riser, the angle of the axis of catenary geometry with respect to in-
coming flow direction varies along the curved span and it has great
influence on the surrounding flow behavior. This can be expected from

a few studies on flow past a deformed body that were carried out re-
cently taking into account of the inclination effect on the wake dy-
namics (Miliou et al., 2003, 2007; Gallardo et al., 2011, 2013, 2014).
Considering as a prototype of CR (Miliou et al., 2003, 2007), studied the
wake structures behind a curved cylinder whose centerline is a quarter
section of a ring. Their investigation showed that there were two
completely different phenomena when the flow was applied onto the
convex-shaped model and the concave-shaped model. In the convex
configuration case, a fully three-dimensional vortex shedding was ob-
served at =Re 100 and =Re 500. For the concave configuration, the
vortex shedding was completely suppressed at =Re 100, but at

=Re 500 the wake is energized with vortex shedding in particular at the
top side of the riser (Gallardo et al., 2011, 2013, 2014). numerically
investigated the turbulent wake of the same configuration but in the
turbulent regime ( =Re 3900). It was found that the turbulent wake
structures behind the upper side of the convex configuration were more
coherent due to the periodic shedding of primary vortices.

The geometry of catenary shape can be divided into convex part and

https://doi.org/10.1016/j.oceaneng.2018.05.030
Received 6 June 2017; Received in revised form 9 May 2018; Accepted 14 May 2018

∗ Corresponding author. School of Naval Architecture, Ocean and Civil Engineering, Shanghai Jiao Tong University, 800 Dongchuan Road, Shanghai, 200240, PR
China.
∗∗ Corresponding author.
E-mail addresses: zhoudai@sjtu.edu.cn (D. Zhou), ybao@sjtu.edu.cn (Y. Bao).

Ocean Engineering 167 (2018) 142–155

Available online 31 August 2018
0029-8018/ © 2018 Elsevier Ltd. All rights reserved.

T

http://www.sciencedirect.com/science/journal/00298018
https://www.elsevier.com/locate/oceaneng
https://doi.org/10.1016/j.oceaneng.2018.05.030
https://doi.org/10.1016/j.oceaneng.2018.05.030
mailto:zhoudai@sjtu.edu.cn
mailto:ybao@sjtu.edu.cn
https://doi.org/10.1016/j.oceaneng.2018.05.030
http://crossmark.crossref.org/dialog/?doi=10.1016/j.oceaneng.2018.05.030&domain=pdf


concave part, regarding the flow direction, and they may produce
profound interference effect in their corresponding wake. Flow inter-
ference effect has been investigated deeply for the wake of the flow past
multi-cylinders in proximity (Sumner et al., 2000; Hu and Zhou, 2008a;
Bao et al., 2011). (Sumner et al., 2000) identified as many as nine wake
patterns on the basis of FV (flow visualization) and PIV (particle image
velocimetry) techniques in their experimental investigation of the flow
around two staggered circular cylinders (Hu and Zhou, 2008a, 2008b).
also characterized four distinct flow structures experimentally from the

wake evolution of two-staggered circular cylinders at =Re 7000
(Sumner et al., 2008). presented the correlation between the Strouhal
number and the spacing of two staggered circular cylinders. A number
of numerical simulations including of both two- and three-dimensional
are also dedicated for the fundamental classification of wake patterns
(Mittal et al., 1997; Akbari and Price, 2005; Thapa et al., 2015).

Generation of axial flow along the span is another key characteristic
for the flow around catenary riser. Early attempts to explore the asso-
ciated mechanism of axial flow was made on the wake of yawed

Fig. 1. Problem set up: (a) practical engineering application; (b) sketch of the steep-S riser; (c) basic geometry model in this investigation. D is the non-dimensional
diameter of the riser.

Fig. 2. Sketch of the catenary riser in a computational domain; the inclination of the riser is scaled by the angle between the incoming flow direction and the plane
associated with the axial line of the riser.

Fig. 3. Mesh topology around the CR for the case of = ∘α 0 : (a) three-dimensional view; (b) the central x y( , )-plane; (c) close view around the wall.
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cylinders (Hanson, 1966). noted that the yaw angle has an effect on the
laminar vortex shedding and the critical Reynolds number at which
vortex shedding initiates (Hogan and Hall, 2010, 2011). studied the
pressure fluctuations of circular cylinders for yawed angles ranging
from ∘60 to ∘90 at high Reynolds number from ×2.81 104 to ×5.61 104.
They found that the mean flow incidence caused the vortex shedding to
become more disorderly and less spanwise coherent. The experimental
results of two tandem circular cylinders (with a yawed downstream

cylinder) indicated that the wake behind the cylinders behaved as a
single large body when the local spacing ratios is small (Wilkins et al.,
2013). With increasing of the local spacing ratios, some small-scale
vortices were formed in the gap between the cylinders. At the largest
local spacing, the shedding frequencies were no longer affected by each
other (Younis et al., 2016). further investigated the flow past two non-
parallel tandem cylinders and identified three distinct shedding pat-
terns, which were namely of alternating reattachment flow regime, bi-
stable flow regime and co-shedding flow regime.

Numerical study on the flow past yawed cylinder was conducted in
low Reynolds number regimes (Zhao et al., 2009). investigated flow
past a yawed cylinder of infinite length with yaw angles ranging from ∘0
to ∘60 at =Re 1000 by using direct numerical simulation (DNS) ap-
proach. They reported that the mean drag coefficient agreed well with
the independence principle (IP) (Lam et al., 2012). simulated flow over
two tandem yawed and unyawed wavy cylinders at a subcritical Rey-
nolds number of 3900. They found that significant beneficial effect on

Fig. 4. Results of the validation test at =Re 100: (a) three-dimensional view of the wake topology, and vortex cores visualized by the vortex identification Q-criterion:
iso-surfaces of the Q-value= 0.1; (b) vortex cores -(20, c) variation of sectional CFy along the length of the deformed circular cylinder, the isocontours range from
–0.17 to +0.17; (d) variation of sectional CFy -(20, e) comparison of the time-averaged pressure along the length of the cylinder.

Table 1
Mesh resolution test at = ∘α 90 ( =P 4).

Number of elements CFxmean CFymean CFzmean

Mesh i 86627 4.6477 (0.883%) −0.3281 (5.770%) 0
Mesh ii 105617 4.6068 (0.004%) −0.3096 (0.193%) 0
Mesh iii 152992 4.6070 −0.3102 0
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fluctuating force suppression and drag reduction can be achieved at
spacing ratios ranging of ∼1.5 5.5 (Zhao et al., 2013). examined nu-
merically the flow transition in the wake of a circular cylinder at two
incidence angles of ∘0 and ∘45 . It was found that the RMS (root mean
square) of the lift coefficient at = ∘α 45 is about 20%–25% larger than
that at = ∘α 0 at the Reynolds number ranged from 250 to 500.

The geometry of a curved body in catenary shape is much more
complicated when compared with the yawed straight cylinder. In this
situation, not only the axial flow is generated along the span of the CR,
but also the flow interference involves the wake dynamics. In this
paper, we investigate the wake characteristics of flow around a sta-
tionary long riser, whose geometry is shaped with a generalized ca-
tenary equation. Direct numerical simulation by employing high-order
spectral/hp method is carried out for the solution of the incompressible
flow in laminar flow regime at low Reynolds number of 100. The main
objective is to explore how does the angle between the approaching
flow and the plane aligned with the curved catenary riser influence the
essential features of vortex formation and shedding and further hy-
drodynamic characteristics of catenary riser. Apart from the interest
from the view of fundamental physics, this work can be considered as
the first step for study of flexible risers that undergo vortex-induced
vibrations under the effect of ocean streams and waves.

2. Physical model and numerical methodology

2.1. Physical model

The geometric configuration of the CR with circular cross section of
diameter D whose axial line is described by the catenary equation in
Cartesian coordinates as follows:

= −y A cosh x A( ( / ) 1) (1)

where, A is the catenary coefficient, A=10D in this investigation. x, y

denote the incoming flow direction and the vertical direction, respec-
tively. The non-dimensional height of CR is fixed at h/D=10, while the
distance between the two end points is fixed at =g D26.3 (g is the
maximum centre-to-centre spacing of the CR). In this investigation, the
inclination angle, α, which is defined as the angle between the incoming
flow direction and the plane determined by the curved axial line of the
CR, is varied in the range of ∼∘ ∘0 90 . This means that the CR is aligned
with the flow direction at = ∘α 0 , while it is perpendicular to the flow
direction at = ∘α 90 . The time dependent flow is described by the in-
compressible Naiver-Stokes equations and the continuity equation as:

∂
∂

+ ⋅∇ = −∇ + ∇
t

p
Re

u u u u1 2
(2)

∇⋅ =u 0 (3)

where u is the velocity field, p is the pressure, = ∞Re U D ν/ is the
Reynolds number based on the free-stream velocity ∞U , ν is the kine-
matic viscosity of fluid and D is the diameter of the CR.

2.2. Numerical methods

Computations have been performed using a high-order spectral/hp
element time stepping code-Nektar++ (Karniadakis and Sherwin,
2013; Cantwell et al., 2015). The spatial domain is discretized into
tetrahedral finite elements and within each macro-element, the high-
order Lagrange polynomials associated with Gauss-Lobatto-Legendre
(GLL) interpolation points are employed as shape and weighting func-
tions, which could improve the computational efficiency. The temporal
discretization, on the other hand, is based on a high-order stiffly stable
splitting scheme which allows the primitive variables to be treated in-
dependently over each time step (Miliou et al., 2003). The details on the
algorithm can refer to (Karniadakis and Sherwin, 2013) and
(Karniadakis et al., 1991), which are shown in briefly as follows:

Firstly, calculate a first intermediate velocity field (∼u) evaluating
the advection term explicitly and combining it with the solution at
previous time-steps:
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where γ0, αq, and βq are the stiffly stable time integration coefficients
which are given by (Karniadakis et al., 1991). J is the order of the time
integration for the explicit terms ( =J 2 in this work). tΔ is the time
step.

Secondly, solve a Poisson equation to obtain the pressure solution at
the new time level with a high-order boundary conditions:

= ⎛
⎝

⎞
⎠

∇⋅∼+p
γ

t
uΔ

Δ
n 1 0

(5)

Then, a second intermediate velocity field (∼
∼
u) are calculated by:

⎜ ⎟− = −⎛
⎝

⎞
⎠
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γ

pu u Δ n

0

1

(6)

Finally, obtain the velocity field at the new time level by using the
second intermediate velocity field as a forcing term in a Helmholtz
equation:

⎛
⎝

− ⎞
⎠

= −⎛
⎝

⎞
⎠

∼∼+γ
tν

γ
tν

u uΔ
Δ Δ

n0 1 0

(7)

The computational domain is a rectangular box that extends D22
downstream and D12 in upstream of the CR, D18 in the vertical direc-
tion and D10 both sides of the cross flow direction, as shown in Fig. 2.
The mesh is comprised of tetrahedral elements for the domain dis-
cretization. The number of tetrahedral element is varied between 84928
( = ∘α 0 ) and 105617 ( = ∘α 90 ) depending on α and the mesh in the near
wake region of the CR is finely resolved. The perspective and cross-

Fig. 5. Time history curve of the integrated forced coefficients in three
Cartesian directions for the case of = ∘α 90 at =Re 100.

Table 2
Spectral resolution test at = ∘α 90 (Mesh ii).

CFxmean CFymean CFzmean

=P 3 4.5739 (0.707%) −0.3156 (1.708%) 0
=P 4 4.6068 (0.007%) −0.3096 (0.226%) 0
=P 5 4.6065 −0.3103 0
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sectional views of the mesh for the representative case of = ∘α 0 are
shown in Fig. 3. A suitable choice of boundary conditions is essential for
the numerical simulation. For the cases studied, the imposed boundary
conditions are listed as follows:

1) A uniform velocity profile is specified to the inlet boundary:

= = =∞U v w1, 0, 0 (8)

2) The non-slip condition is applied at the wall of the CR:

= = =u v w0, 0, 0 (9)

3) The Neumann boundary condition is imposed at the outlet as:

∂
∂

= ∂
∂

= ∂
∂

=u
x

v
x

w
x

0, 0, 0 (10)

4) The symmetry boundary condition is specified on the vertical sides:

= = =u v w1, 0, 0 (11)

5) Finally, the top boundary condition is assigned as:

∂
∂

= = ∂
∂

=u
y

v w
y

0, 0, 0
(12)

Besides, the pressure was set to zero ( =p 0). This can gives a fully
developed zero stress condition in order to avoid reflections from the
outlet.

2.3. Validation test

A validation test is conducted at =Re 100 for which the geometry
configuration of convex shape is the same with that of (Miliou et al.,
2007). The 3D wake developed in the flow is visualized by Q-criterion
(De Villiers, 2007). As shown in Fig. 4(a) and (b), the vortex cores in the
near wake are bent according to the curvature of the cylinder, but start
to distort further downstream, showing the same features when com-
pared to the results of (Miliou et al., 2007). Fig. 4(c) depicts the var-
iation of sectional lift coefficient (CFy) along the non-dimensional length
(s D/ ) of the curved cylinder. It is also noticed that the profile of CFy is in
good agreement with the data given by (Miliou et al., 2007), see
Fig. 4(c) and d. The time-averaged variations of pressure (Cp) along the
stagnation line as well as the base line are compared against the results
reported in (Miliou et al., 2007). Two results collapse well in the same
curve lines, as depicted in Fig. 4(e). This then verifies the im-
plementation of spectral/hp element method for the solution of wake
flows of curved cylinder and the polynomial order of =P 4 is sufficient
for the accuracy of the solution of flow at this low Reynolds number.

2.4. Grid independence

As mentioned in subsection 2.3, the polynomial order of =P 4 is
sufficient for the accuracy of the solution of flow at this low Reynolds
number. However, in order to further ensure the accuracy of the nu-
merical results, as well as the computational efficiency, the grid sensi-
tivity analyses are performed by varying the resolution and the poly-
nomial order ( =P 3–5) for case of = ∘α 90 , =Re 100, in which the wake
flow is much energetic.

Table 1 summarizes the results from different meshes for the fixed

Fig. 6. Perspective view of the instantaneous wake topology for flow past a catenary riser at different incoming flow incidence (structure visualized by the vortex
identification Q-criterion: iso-surfaces of the Q-value= 0.01, and the color denotes the streamwise u-velocity) in the view from the top side at =Re 100: (a) = ∘α 0 ;
(b) = ∘α 40 ; (c) = ∘α 45 ; (d) = ∘α 50 ; (e) = ∘α 60 ; (f) = ∘α 90 . (For interpretation of the references to color in this figure legend, the reader is referred to the Web version
of this article.)
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polynomial order of =P 4, with Mesh iii being the reference. The
maximum percentage change of CFymean is reduced from 5.770% to
0.193% while going from Mesh ii to Mesh iii. The value of P is also
switched successively at =∞tU D/ 300 and 385 for the medium mesh as
shown in Fig. 5. Table 2 presents the time-averaged values of these
global quantities. A discrepancy of only 0.226% in the magnitude of CFy
is noticed when P changes from 4 to 5. Thereby, it can be concluded
that the polynomial order of =P 4 with the medium ii is sufficient for
the accuracy of the solution of flow at this laminar flow.

3. Numerical results and discussion

3.1. Wake topology

The wake topology and associated 3D vortical structures of the flow
past a CR is visualized by Q-criterion in Fig. 6. At small angles of in-
cidence, particularly in the range of ≲ ≲∘ ∘α0 40 , the vortex-shedding
from two half parts of CR are completely suppressed. Typically,
Fig. 6(a) presents the perspective view of the vortical structures at

= ∘α 0 , showing stabilized features of steady wake along the whole span
of the CR. As shown in this figure, the wake becomes narrow at the top
side of the gap region, whilst it becomes wide behind the concave part
with formation of a swirling vortex pair in the streamwise direction.
More importantly, the coherent structures aligned with the curved axis
of the CR imply that axial flow has great impact on the wake dynamics
of the CR. The mechanism associated with the wake suppression is es-
sentially similar as that given by (Miliou et al., 2007). They suggested
that the strong axial flow and the streamwise vorticity play a key role in
suppressing of the wake dynamics. Similar wake regime can be retained
until α over ∘40 . However, when > ∘α 0 the wake region formed behind
the CR is twisted along the length following the inclination of the plane

associated with the axial line of the CR.
Fig. 6(b) shows the instantaneous wake topology at = ∘α 40 . Unlike

the flow pattern for the smaller angles of incidence, the vortical
structures behind the concave part indicates a weak oscillation in the
wake flow particularly at the side close to the top boundary. This weak
oscillation is represented by the formation of array of vortex tubes in
vertical direction at the outer sides of the pair of vortex cores in
streamwise direction. Clearly, in this situation the swirling vortices in
streamwise direction still dominate the wake at the top side of the
downstream region. However, the appearance of vortical structures in
vertical direction reveals that the growth of wake instability is started
from the concave part of the CR. With the increasing of the angle be-
tween the incoming flow direction and the plane associated with the
curved CR, the destabilized portion of the wake region, which is
characterized by the alternating rolling of vortical structures into the
wake, is further spread towards the convex part of the CR. It can be
illustrated in Fig. 6(c) for the case of = ∘α 45 , showing that the alter-
nating shedding vortex tubes formed in curved configuration starts
from the top side of the concave part and terminates around the middle
section of the convex part. As depicted in Fig. 6(d), for the case of

= ∘α 50 , the region of vortex shedding further occupies the top side of
the convex part.

As α further increases, the approaching flow tends to be perpendi-
cular to the plane associated with the CR. Correspondingly, the wake
behind the CR becomes more and more energized and unstable until it
changes into complete vortex shedding regime along the whole span.
Fig. 6(e) and (f) show the evolution of representative 3D vortical tubes
for the fully developed vortex shedding regime at = ∘α 60 and = ∘α 90 ,
respectively. As shown in these figures, the Kármán vortex street in
curved shape is generated behind the CR and the associated vortex
tubes terminate at the two top sides of the CR. The alternating

Fig. 7. Contours of vorticity components in the vertical direction (ωy) at different slices along the span of the CR: (a) = ∘α 0 ; (b) = ∘α 40 ; (c) = ∘α 45 ; (d) = ∘α 50 ; (e)
= ∘α 60 ; (f) = ∘α 90 .
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formation of vortex rollers at the two sides appear to be aligned with
the plane associated with the CR for the both cases. However, for the
front case, the wake intensity is not symmetrically distributed along the
span, while it is the case for the aft case.

Further insight on the variation of wake features with the inclina-
tion angle can be shed from the evolution of the components of vorti-
cities. Fig. 7 shows the contours of the vorticity component in vertical
direction, ωy, on the slices, which are distributed along the span of CR.
The wake oscillation is also firstly detected in Fig. 7(b), and then it
spreads along the span from the concave part to the convex part in
Fig. 7(c) and (d) and finally occupies the whole span of the CR in Fig. 7
(e) and (f). In general, the change of wake behavior along the span
presented in this figure is well consistent with that observed in wake
topology in Q-criterion contours shown in Fig. 6.

For given positions along the span which are located symmetrically
with respect to the mid-plane at =s L/ 0.5, the corresponding local
Reynolds numbers are identical; however, the wake structures pre-
sented in Fig. 6 indicate that the strength of wake is not symmetrically
distributed with the mid-span except for the case at = ∘α 90 . This be-
havior will be further demonstrated in the spectral analysis in the fol-
lowing section. Thus, in the basis of the study of (Lucor and
Karniadakis, 2003), it is confirmed that the independence principle (IP)
is not valid for the catenary configuration of freely hanging riser con-
sidered in this work. In essence, the flow mechanism for this dynamics
is due to the effects of axial flows that strongly depends on specific

geometric configurations (for instance convex or concave) and flow
direction.

To investigate the origin of instabilities, we explore how streamwise
velocity is varied along the CR. Fig. 8 illustrates the u-velocity contours
in the vicinity of the CR at =y D10 on the x z– plane, indicating that
wake instability is developed firstly at the top side of the concave part
and then gradually spread over the span towards the convex part. A
variation in the wake width along the span can also be observed. Ad-
ditionally, it is noticed that the strength of recirculation region ampli-
fied with the increase of incoming flow incidence, especially at the top
side of the concave part. Strong recirculation promotes absolute in-
stability in the recirculation region, which is correlated with the wake
instability originated at the top side of the concave part.

3.2. Sectional forces

The temporal evolution of sectional force distribution along the
span of the CR is examined in this section. Fig. 9 presents the results of
the three components of non-dimensionalized sectional forces including
CFx , CFy and CFz for the cases of = ∘α 0 and ∘30 . Equation (13) gives the
integrated force coefficients of CFx , CFy and CFz in three coordinate di-
rections x, y and z:

= = =
∞ ∞ ∞

C F
ρU S

C
F

ρU S
C

F
ρU S

, ,Fx
x

Fy
y

Fz
z

1
2

2 1
2

2 1
2

2
(13)

Fig. 8. u-velocity contours at =y D10 on the x z– plane, =Re 100: (a) = ∘α 0 ; (b) = ∘α 40 ; (c) = ∘α 45 ; (d) = ∘α 50 ; (e) = ∘α 60 ; (f) = ∘α 90 .
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where ρ is the fluid density, Fx, Fy and Fz are the components of sec-
tional force acting on the CR, and S is the characteristic area, i.e. is the
projection area of the riser in the corresponding direction.

It can be clearly seen that there are no fluctuations in the forces for
the both cases, which are consistent with the suppressed wake observed
in the previous section. As shown in Fig. 9(a), CFx decreases along the
length of the CR and reaches to the minimum value around the bottom
side of the CR and then slightly increases again. CFx along the concave
part of CR is much smaller when compared to the convex part. This
behavior is caused by the flow interference effect from the tandem
arrangement of the two half parts. In contrast, CFy decreases con-
sistently along the span of the CR and obtains the minimum around the
top side of the concave part. This is because the stagnation line is lo-
cated at the lower side of the convex part and it switches onto the upper
side of the concave part. Moreover, CFz is negligible along the whole
span at = ∘α 0 , while its value increases significantly for the case of

= ∘α 30 . The reason is that the frontal area of the CR increases with the
increase of incoming flow incidence, therefore, the force in z-direction
increases slightly as α increases.

The time variation of sectional force components along the span of
the CR at = ∘ ∘α 40 , 45 and ∘50 are shown in Fig. 10. Nearly time-in-
dependent forces are observed in Fig. 10(a,b,c), which then imply that
the strength of wake oscillation detected in the vortical structures be-
hind the top side of the concave part is too weak (see Fig. 6(b)).
However, it is intensified strongly for the cases of = ∘α 45 and ∘50 ,
which are clearly verified by the visible fluctuation of CFy and CFz. It is
also confirmed from the distribution of force fluctuations along the span
that the wake oscillation is started from the concave part ( >s L/ 0.5)
and then spread towards the convex part ( <s L/ 0.5). With the in-
creasing of the inclination angle, the value of CFx within the bottom
section increases significantly.

The components of sectional force along the span of CR at = ∘α 60
and ∘90 , as typical instances for the fully developed vortex shedding
regime, are depicted in Fig. 11. CFx reaches to a higher value in the
range from 0.93 to 1.32 at = ∘α 60 and from 1.13 to 1.39 at = ∘α 90 ,
which is larger than that obtained at smaller α. As compared with the

case of = ∘α 50 (Fig. 10(h)), the fluctuation in CFy is also further am-
plified when = ∘α 60 , as shown in Fig. 11(b). For the case of = ∘α 90 , the
hydroforces along the span behaves symmetrically with respect to the
mid-section ( =s L/ 0.5). The oscillation of CFy reaches the maximum at
the mid-plane. It is also noticed that the peak-to-peak amplitude of CFy
is ranged from −0.48 and 0.23 at the mid-plane ( =s L/ 0.5). The reason
for the different magnitudes of crest and trough can be attributed to the
unequal strength of shedding vortices generated at the two sides due to
the curved configuration. Apparently, the fluctuation of CFz is max-
imized at the two inclined sides of the CR as shown in Fig. 11(f), whose
peak-to-peak amplitude is ranged from −0.55 to 0.55.

3.3. Pressure along the axial line

Fig. 12 presents the pressure contours on the plane associated with
the axial line of the CR. For the case of = ∘α 0 , the pressure contours
shown in Fig. 13 (a) represents the distribution along the stagnation
and base lines of the CR, since the incoming flow is parallel to the plane
of the axial line. A positive value is detected both on the stagnation face
of the convex and concave parts, while it changes into negative along
the base line of the two parts. A significant variation of pressure con-
tours is displayed as α increases. The pressure coefficients show con-
sistently negative values along the whole span of CR, and their mag-
nitude increases with the increase of α. Another interesting feature
displayed in this figure is relevant to the generation of axial flow. It can
be witnessed from the comparison of the different cases that the pres-
sure gradient along the span is highly correlated to the inclination
angle. The pressure gradient along the axial line is significant for the
case of = ∘α 0 , while it is nearly negligible for the case of = ∘α 90 . More
importantly, the decrease of magnitude of pressure gradient is also
started from the concave part and then it spread over the span towards
the convex part. This behaves highly consistent with the wake features
discussed in the previous section. Therefore, it is then suggested that
the variation of the axial flow along the span of CR is the prominent
mechanism responsible for the variation of the wake dynamics along
the span for different inclination angles.

Fig. 9. Time evolution of sectional force components in different directions along the length of the CR for cases of = ∘α 0 and ∘30 : ( ∼a c) CFx , CFy and CFz for the case
of = ∘α 0 ; ( ∼d f ) CFx , CFy and CFz for the case of = ∘α 30 .
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3.4. Spectral analysis

The horizontal velocities are sampled along the span of CR and are
used to investigate the frequency response characteristics of the wake
using the power spectra density function, which is expressed by

=
∼ ∼

f
w f w f

T
Φ( )

( ) ( )*

(14)

where

∫=∼
−

−w f w t e dt( ) ( )
T

T πft
/2

/2 2
(15)

Φ is the power spectra. w is the horizontal velocity in z direction, T
is the block length, f is the frequency and (*) represents the complex
conjugate. The power spectral densities obtained at different locations
along the span are shown in Figs. 13–16 respectively for = ∼∘ ∘α 45 90 .

When the CR is inclined at = ∘α 45 , there is a pronounced peak in
the power spectra density, which is associated with the shedding fre-
quency at =St 0.130, implying that the shedding wake of the CR is
organized and associated with a dominant frequency. It is also noticed
that the value of Φ varies along the spanwise location of the CR. The
magnitude of the spectra on the concave part are several orders higher
than those observed from the symmetric location of the convex part

with respect to the mid plane. This observation also verifies that the
wake oscillation at the concave part is much stronger when compared
to the convex part, and their strength monotonically increases along the
span of CR. Moreover, the second harmonics of shedding frequency,
which is equal to 0.260, are also slightly discernible for this case as
shown in Fig. 13.

As the inclination angle increases to the range of = ∼∘ ∘α 50 60 , the
frequency components present different characteristics as shown in
Figs. 14 and 15. For the cases at = ∘α 50 and = ∘α 60 , the power spectral
density have a dominant peak associated with the Strouhal number
respectively of =St 0.135 and 0.147, higher than that for the case at

= ∘α 45 . Higher harmonics are also excited in the power spectral den-
sity. The harmonic frequency components in the wake of multiple cy-
linders in close proximity were reported previously in the literature
(Kiya et al., 1980; Sumner et al., 2000; Hu and Zhou, 2008a; Hu and
Zhou, 2008b; bao et al., 2012). The peak associated with the second
harmonic becomes comparable to the primary peak at the bottom side
of the CR. The studies on the wake of multi-cylinders implies that the
flow mechanism underlying the current frequency competence might
be correlated to the flow interference effects between the adjacent parts
of CR.

As shown in Fig. 16, when the angle of incidence increases to

Fig. 10. Time evolution of sectional forces coefficient in different directions along the length of the CR for cases of = ∘α 40 , ∘45 and ∘50 : ( ∼a c) CFx , CFy and CFz for
case of = ∘α 40 ; ( ∼d f ) CFx , CFy and CFz for case of = ∘α 45 ; ( ∼g i) CFx , CFy and CFz for case of = ∘α 50 .

H. Zhu et al. Ocean Engineering 167 (2018) 142–155

150



= ∘α 90 , the primary frequency corresponding to the vortex shedding
period increases to a value as high as =St 0.160, which is very close to
the shedding frequency of straight cylinder at the same Reynolds
number (Williamson, 1996; Han et al., 2013). The wake is mainly

dominated by the primary shedding frequency, which are much dif-
ferent from the previous cases, although multiple harmonics are still
detected in the power spectral density, as depicted in Fig. 16. The
variation of magnitude of the power spectral density for the dominant

Fig. 11. Time evolution of sectional forces coefficient in different directions along the span of the CR for cases of = ∘α 60 and ∘90 : ( ∼a c) CFx , CFy and CFz for case of
= ∘α 60 ; ( ∼d f ) CFx , CFy and CFz for case of = ∘α 90 .

Fig. 12. The pressure contours on the surface aligned with the plane of curvature of the CR at =Re 100: (a) = ∘α 0 ; (b) = ∘α 40 ; (c) = ∘α 45 ; (d) = ∘α 50 ; (e) = ∘α 60 ; (f)
= ∘α 90 .
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Fig. 13. Power spectra normalized by the velocity along the catenary riser span at different monitor points for the case of = ∘α 45 , view from the top.

Fig. 14. Power spectra normalized by the velocity along the catenary riser span at different monitor points for the case of = ∘α 50 , view from the top.
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frequency along the length of CR indicates that the strength of shedding
vortices is minimized at the bottom side of the CR.

4. Conclusions

In this study, wake characteristics of three dimensional flow past a
freely hanging stationary riser in catenary shape are investigated at a
low Reynolds number of 100. The catenary configuration defined by
equation (1) is inclined with the incoming flow direction, which is
quantified by the angle between the incoming flow direction and the
plane aligned with the curved axial line of the catenary riser. The flow
dynamics are governed by the incompressible Navier-Stokes equations
and a high-order spectral/hp element method is employed for their
numerical solutions.

In the basis of the numerical results, the wake behind the catenary
riser can be categorized into different regimes depending on the in-
clination angle with respect to the incoming flow. In the range of
smaller incoming flow incidence ( ≲ ≲∘ ∘α0 40 ), the wake is completely
suppressed, showing stabilized features of steady wake along the whole
span of the CR. As a consequence, the components of sectional force
appear to be time-independent. Their distribution along the span of the
CR is primarily correlated with the axial flow effect along the pan of the
convex part and the concave part of CR.

As the flow incidence increases in the range of ≲ ≲∘ ∘α40 50 , the
wake is partially destabilized, which is started from the concave part
and then gradually spread towards the convex part of catenary riser
with increasing of incoming flow incidence. Correspondingly, the
fluctuation of sectional force components especially in the vertical and
crossflow directions is also detected in the concave part firstly and then
develops in the same manner with the wake oscillation. With the in-
creasing of the inclination angle, higher harmonics of frequency com-
ponents and their influence become dominant in the unstable wake
evolutions, as demonstrated in the power spectral analysis for the cases
at = ∘α 50 and ∘60 .

The vortex shedding wake is fully developed along the whole span
of the CR when ≳ ∘α 50 , which is characterized by a formation of

Kármán vortex street comprised of curved vortex tubes alternating
shedding at the two sides of the catenary riser. The sectional force
components therefore present oscillatory nature of the unstable wake
along the whole span. With the further increase of inclinations, the
shedding frequency is close to that of a straight cylinder at the same Re.
At = ∘α 90 , the incoming flow is perpendicular with the plane of CR and
both the wake topology and hydro-force distribution are symmetric
with respect to the mid-plane at =s L/ 0.5.

The pressure distribution along the span of CR reveals that the axial
flow is greatly affected by the inclination angle. In specific, the corre-
sponding pressure gradient varies along the span and it starts to de-
crease from the concave part and then spread to the convex part with
the increasing inclination. Furthermore, this is the prominent me-
chanism for the variation of wake behavior of the CR for different in-
clinations.

A few recent studies revealed the effect of Reynolds number on the
flow over a curved body (Miliou et al., 2007). studied the nature of flow
past a curved cylinder both in laminar and transitional regimes corre-
sponding to =Re 100 and =Re 500. More recently, a fully developed
turbulent flow around a curved cylinder at =Re 3900 was numerically
explored in (Gallardo et al., 2014). From the literature mentioned
above, it is reasonable to expect that the wake features are also highly
dependent on Reynolds number for the current geometry configuration.
This is actually verified in a preliminary study conducted on the case of

= ∘α 0 at =Re 500. Vortex shedding with highly three-dimensionality
was observed in the wake at =Re 500 (not shown here), whereas it is
stabilized into a steady wake at =Re 100. In addition, the dynamic
behaviors of wake were shown to be much complicated owing to the
interactions between the convex and concave segments. For this reason,
it is necessary to carry out further research on high Reynolds number
flow. It is believed that this work will serve as a first step to further
investigate the complicated wake in turbulent flow and even vortex-
induced vibration of flexible risers of such complex configurations.

Fig. 15. Power spectra normalized by the velocity along the catenary riser span at different monitor points for the case of = ∘α 60 , view from the top.
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